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Abstract
We show that if the arc-connectivity of a directed graph D is at
most | L] and the reorientation of an arc set F' in D results in a k-
arc-connected directed graph then we can reorient one arc of F' without
decreasing the arc-connectivity of D. This improves a result of Fukuda,
Prodon, Sakuma [2] and one of Ito et al. [3] for k € {2,3}.

1 Introduction

In this paper we study reorientations of directed graphs that improve their
arc-connectivity. Nash-Williams [5] proved that a directed graph D admits a
k-arc-connected reorientation if and only if the underlying undirected graph of
D is 2k-edge-connected. Ito et al. [3] proposed an original algorithm to find
such an orientation when it exists, by starting with an arbitrary orientation and
then by reversing arcs one by one, without decreasing the arc-connectivity of the
current directed graph in each step. This way they provided a new algorithmic
proof for the above mentioned result of Nash-Williams [5]. A natural question
arises here: If D is not k-arc-connected and the reorientation of an arc set F' in
D results in a k-arc-connected directed graph, is it possible to reorient the arcs
of F' one by one, without decreasing the arc-connectivity of the current directed
graph in each step. For k = 1, it is obvious and for k = 2, it follows from a result
of Fukuda, Prodon, and Sakuma [2] that this can be done. We prove that for
k = 3, the answer is positive and we show that the answer is negative for k > 4.
The result for k € {2, 3} follows from the main contribution of the present paper
that says if the arc-connectivity of a directed graph D is at most Lk—;ﬂj and the
reorientation of an arc set F' in D results in a k-arc-connected directed graph
then we can reorient one arc of F' without decreasing the arc-connectivity of D.
We also give an example that shows that in the previous result |21 | can not
be replaced by L%J

We finish this section with the necessary definitions. A set £ of subsets of V'
is called laminar if for every pair X,Y € £, at least one of X - Y)Y — X, X NY
is empty. As usually, for X C V, X denotes V — X.

An undirected graph G = (V, E) is k-edge-connected if for every non-empty
proper subset X of V, there exist at least k edges leaving X. An orientation of
G is a digraph which is obtained from G by replacing each edge uv in G by an
arc uv or vu.



Let D = (V, A) be a directed graph, in short digraph. A digraph D’ =
(V' A") is a subgraph of D if V! CV and A’ C A. When V' =V we call D’ a
spanning subgraph. For X C V, uv € A we say that uv enters (resp. leaves)
XifueV—-—Xandv e X (resp. w € X andv € V — X). We denote by
pa(X) (resp. d4(X)) the set of arcs in A that enter (resp. leave) X. The
in-degree |pa(X)| of X is denoted by d4(X). The out-degree [64(X)| of X is
denoted by d}j (X). For disjoint X,Y C V, da(X,Y) denotes the number of
arcs in A from X to Y. We denote by A(D) = min{d,(X) : 0 # X C V} the
arc-connectivity of D. We say that D is k-arc-connected if \(D) > k. A subset
X of V is in-tight (resp. out-tight) if d;(X) = A(D) (resp. d}(X) = A(D)).
Reversing an arc € = uv means that we replace € by @ = vu. D(e) denotes
the digraph obtained from D by reversing €. The digraph obtained from D by
reversing all the arcs is denoted by D. A digraph D’ is called a reorientation of
D if D’ can be obtained from D reversing some arcs of D.

2 Previous results

In this section we list some results on orientations and reorientations that are
related to our results.

The first result on orientations of undirected graphs concerning connectivity
is due to Robbins [6].

Theorem 1 (Robbins [6]). An undirected graph admits a 1-arc-connected ori-
entation if and only if it is 2-edge-connected.

The following result of Fukuda, Prodon, and Sakuma [2] is about reversing
arcs not decreasing 1-arc-connectivity.

Theorem 2 (Fukuda, Prodon, Sakuma [2]). Let D = (V, A) be a 1-arc-connected
orientation of a 3-edge-connected undirected graph G. Let F C A such that the
digraph obtained from D by reversing the arcs of F' is 1-arc-connected. Then
there exists an arc @ of F such that D(a) is 1-arc-connected.

Theorem 2 immediately implies Corollary 1 concerning reversing arcs aug-
menting 1-arc-connectivity.

Corollary 1. Let Dy = (V, A) be a digraph and F C A such that the digraph
obtained from Dy by reversing the arcs of F' is 2-arc-connected. Then there exist
reorientations D1, ..., Dy of Do such that D; 1 is obtained from D; by reversing
one arc of F for all0 <i<{—1and 1 <A(Dp) <--- < ADy) =2.

Nash-Williams [5] generalized Theorem 1 and characterized undirected graphs
admitting a k-arc-connected orientation.

Theorem 3 (Nash-Williams [5]). An undirected graph admits a k-arc-connected
orientation if and only if it is 2k-edge-connected.

The following result of Ito et al. [3] is closely related to Corollary 1. They
worked out a new technique how to augment arc-connectivity of a directed graph
by reorienting arcs. Their result gives an algorithmic proof of Theorem 3.



Theorem 4 (Ito et al. [3]). Let G = (V,E) be a 2k-edge-connected undirected
graph for some k € Zy, and Dy = D an orientation of G. Then there exist
orientations D1,...,Dy of G such that £ < (k — X(D))|V|3, D;y1 is obtained
from D; by reversing one arc for all0 < i <{¢—1 and A(D) < A(Dy) <--- <
(D) = k.

We mention that Theorem 4 has recently been extended to hypergraphs by
Miihlenthaler, Peyrille, and Szigeti in [1].

We will need a result on minimally k-arc-connected digraphs.

Theorem 5 (Dalmazzo [1]). Every k-arc-connected digraph D = (V, A) has a
spanning k-arc-connected digraph D' = (V, A’) such that |A’| < 2k(|V|—1).

3 New results and their proofs

In this section we provide our results and their proofs.
We first generalize Corollary 1.

Theorem 6. Let Dg be a directed graph, k > 2 an integer, and I C A such
that the digraph obtained from Dy by reversing the arcs of F' is k-arc-connected.
Then there exist reorientations D1, ..., Dy of Doy such that D; 1 is obtained from
D; by reversing one arc of F for all0 <i < /{—1, A(D) < AX(D1) < --- < AX(Dy)
and N(Dg) > | B2 ].

We obtain in the following corollary of Theorem 6 an improvement of The-

orem 4 for k € {2,3}, namely k-arc-connectivity can be reached by reversing at
most k(|V]| — 1) arcs.
Corollary 2. Let G = (V, E) be a 2k-edge-connected undirected graph for k €
{2,3}, and Dy = (V, A) an orientation of G. Then there exist orientations
Dy,...,Dy of G such that £ < k(|V|—1), D;41 is obtained from D; by reversing
one arc for all 0 <1 <€ —1, A(Dg) < A(D1) <--- < X(Dy) = k.

Proof. (of Corollary 2) By Theorem 3, there exists a k-arc-connected orientation
D’ of G. By Theorem 5, there exists a spanning k-arc-connected subgraph D" =
(V,A”) of D' containing at most 2k(|V| — 1) arcs. Note that D" is also a k-
arc-connected digraph. Since |A N A”| + |A” — A| = |A"| < 2k(]V| — 1), one of
AN A" and A” — A, let us denote it by F, contains at most k(|V| — 1) arcs.
Since the digraph obtained from D by reversing the arcs or the reversed arcs of
F in D contains D” or D" as a spanning subgraph, it is k-arc-connected. We
can hence apply Theorem 6 to find the required sequence of orientations since
for k € {2,3}, | 52| = k. O

Theorem 6 will follow from the following result that is the main contribution
of the present paper.

Theorem 7. Let D = (V, A) be a digraph, k > 2 an integer and F C A such
that A(D) < L%J and the digraph obtained from D by reversing the arcs of F
is k-arc-connected. Then there exists an arc @ of F such that A(D) < X(D(a)).

Theorem 7 easily implies Theorem 6. Indeed, while A(D;) < |2 |, we can
find, by Theorem 7, an arc @; of F' such that for the digraph D, 1 = D;(&;), we
have A(D;) < A(D;41). Since for k > 2, we have | %52 | < k, we can hence find
the required sequence of orientations.



We now prove our main result.

Proof. (of Theorem 7) First note that since k > 2, we have
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It follows that F # (). Suppose for a contradiction that for all @ € F, A\(D) >
A(D(@)). Then A\(D) > 1.

Claim 1. For all @ € F, a enters an in-tight set in D.

Proof. Let @ € F and X C V with A(D(a)) = dB(a)(X). Since A(D) — 1 >
AD(a)) = dp @y (X) >dp(X) — 1> A(D) — 1, equality holds everywhere so @
enters X and X is in-tight in D. O

By Claim 1, there exists a set £ of in-tight sets in D such that every arc of

F enters an element of £ and such that ), . |Z||[V — Z| is minimum. Let us
fix an arbitrary vertex s in V and introduce the following sets:

F_ = {XCV-s5XecL}
Fy = {X:seXeLl}
F = F_UF,.

We summarize the main properties of F_, F, and F in the following claim.

Claim 2. The following hold for F_, F4, and F.

F is a non-empty laminar family, (
Every arc of F enters an element of F_ or leaves an element of Fy, (
d,(X)=A(D) forall X € F_, (
1<k—-AD)<di(X)—dn(X)<dp(X)—1 forall X € F_, 5
di(Y)=XD) foral Y € Fy, (
1<k—XD)<dp(Y)—dLt(Y)<dp(Y)—1 foral Y € Fy, (
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Proof. Since F' # 0, we have F # (). Applying the well-known uncrossing
technique, the minimality of £ and Theorem 2.1 of [7], it is easy to see that F
is a laminar family, so (2) holds.

Let @ € F. Then a enters a set Z € L. If s € Z then a leaves Z € F,, if
s € Z then a enters Z € F_, hence (3) holds.

Let X € £. Then d,(X) = A(D) and (4) holds. By the minimality of
L, d7(X) > 1. Then, by A(D) < k < A(D(F)), we have 1 < k — A(D) <
Ay (X) = d53(X) = djp(X) — dz(X) and (5) holds. If X € F_ then X € £, so
(4) and (5) hold. If Y € Fy then Y € L, so Y satisfies (4) and (5), and hence
Y satisfies (6) and (7). O



For all Z € F U {V}, we introduce the following notations.

I(z) = | J{XeF :X¢2z}
0z) = | JyeF,:vyczy,
M(Z) = the maximal elements of F strictly contained in Z,

M_(Z) = MZ)NF,
M(Z) = M@Z)NF,,
M_(2) = |J{xem_(2)},

Mi(z) = |JX e Mu(2)).

The following lemma will easily imply the theorem.

Lemma 1. The following hold for all X € F_U{V} and Y € FL U{V}.

Sp(X)Nop(0(X)) = 0, (8)
pr(Mi(X)) C pr(X), (9)
dp(M(X)) = dfi(M (X)) > (k—XD))IM(X)], (10)
pr(Y)Npr(1(Y)) = 0, (11)
r(M-(Y)) < dp(Y), (12)

dp(M_(Y)) =dp(M_(Y)) > (k—=X(D))M_(Y)]. (13)

Proof. Suppose for a contradiction that the lemma does not hold and let Z
be a minimal set violating one of the conditions (8)—(13). We may suppose
that Z =Y € F, U{V} because the situation is completely symmetric. Let
S=M_(Y)and T=Y - 5.

Claim 3. (12) holds forY.

Proof. Suppose for a contradiction that there exists uv € dp(S)\ dr(Y), that is
uw € Sand v € T. Then uv leaves aset X € M_(Y). Since X € F_ and X C Y,
the minimality of Y implies that X satisfies (8), so uv does not leave O(X).
Then, by (2), uv does not leave any element of F,, so, by (3), uv enters an
element X’ of F_. By (2) and v € T, we have X’ CY — M_(Y). Since X' € F_
but X’ N M_(Y) = 0, X’ is contained in a set Y’ € M, (Y). Since u € X,
ve X CIY')CY and X NY' =0, we get that uwv € pp(Y’') N pr(I(Y”))
that is (12) does not hold for Y’. This, by Y/ C Y, contradicts the minimality
of Y and the claim follows. O

Claim 4. (13) holds forY.
Proof. By (2), M_(Y) is a partition of S. Thus, by (5), we get

dh(S) —dp(S) = > (dH(X)-dp(X))
XeM_(Y)

> (k= AD))IM_(Y)]

and the claim follows. O



By Claims 3 and 4 and the definition of Y, it follows that Y violates
(11), that is 1 < dr(Y,I(Y)). Note that, by (2), we have I(Y) C M_(Y) U
Uyiem, (v L(Y7). Note also that ¥; C Y and so Y CY, forall V; € M, (Y).

Hence every arc that goes from Y to I(Y) either goes from Y to M_(Y") or from
Y; to I(Y;) for some Y; € M (Y). By the minimality of Y, Y; satisfies (11),
thus no arc goes from Y; to I(Y;) for any Y; € M, (Y). It follows that

1< dp(V,1(Y))

<dp (Y, M_(Y)+ Y. dp(Yi,1(Y3)
YieM(Y)

— dp(V, M_ ().
Hence |M_(Y)| > 1. By (6), Claims 3 and 4, (5), we get
MD) = d(Y)
> d+(S) +da(T,Y)

dp(S) + (k = A(D)M_(Y)[ +0
21+(k—k( NIM_(Y)]. (14)

If IM_(Y)| > 2 then, by (14) and (1), we get the following a contradiction.

A(D) > 1+2(k — A(D))
>1+2(§A() A(D))
=1+ A(D).

Thus, M_(Y) = {X}, and then, by (14) and (1), we have
AD) > 14k —XD) > XD).
Hence equality holds everywhere in (14), so d4(T,Y) =

We claim that T # (. Otherwise, by (7) (if Y # V), Y S, Claim 4, (7)
and |[M_(Y)| = 1, we have the following contradiction.

0> dh(Y) —dn(Y) =dh(S) — dpn(S) > 0.
Finally, by (4), da(T,Y) = 0, dp(Y,M_(Y)) > 1, T # 0, and \(D)-arc-
connectivity of D, we have the following contradiction.
AD) =d,(X)+0
>dp(Y,X)+da(T, X) +da(T,Y)
> 1+di(T)
> 1+ (D).
The proof of the lemma is complete. O
By (2), we have M(V) # 0, say M_(V) # (. We conclude by applying

Lemma 1 for V. By (12), we get dp(M_(V)) C 6p(V) = 0, and then, by (13),
(7) and M(V') # (), we have the following contradiction.

0> dh(M_(V)) —da(M_(V)) > 0.
This finishes the proof of the theorem. O



4 Examples

We first provide an example of a 3-arc-connected digraph D = (V, A) with an
arc set F' in A such that reversing the arcs of F' we obtain a digraph which
is 4-arc-connected but no arc of F' can be reversed without destroying 3-arc-
connectivity. Let us consider the digraph D; of Figure 1, where a value on
an arc means its multiplicity, an arc without value is of multiplicity 1, and
the arcs of F' are in blue. Note that D; is 3-arc-connected and, by reversing
the blue arcs of D;, we obtain a digraph D] which is 4-arc-connected. The
sets F_ and F, of the proof of Theorem 7 are represented by red and green
circles respectively. These sets show that no blue arc can be reversed without
destroying 3-arc-connectivity. Note that A(D;) = 3 > |%4H]. This example
shows that the condition A(D;) < | %] in Theorem 7 can not be deleted.

Figure 1: Digraph D; with A(D;) = 3, arcs of F in blue, and A(D]) = 4.

Now we provide a more complicated example that shows that the condition
A(D) < %] in Theorem 7 can not be replaced by A(D) < [2E]. Let us
consider the digraph D5 of Figure 2, where as before a value on an arc means
its multiplicity, an arc without value is of multiplicity 1, and the arcs of F' are in
blue. Note that Dy is 4-arc-connected and, by reversing the blue arcs of Dy, we
obtain a digraph D} which is 6-arc-connected. The sets F_ and F of the proof
of Theorem 7 are represented by red and green circles respectively. These sets
show that no blue arc can be reversed without destroying 4-arc-connectivity.
Note that A(D2) =4 = 23—6

Figure 2: Digraph D with A(D3) = 4, arcs of F' in blue, and A(D}) = 6.
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